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The comparison of calculations methods in nonperturbative quantum fields theory and turbulence 
theory is made. The main result is that in both cases there is an infinite equations set. In the first 
case it is the equations set for Green's functions and in the second case it is the equations set for 
cumulants. It allows us to use similar mathematical methods to solve problems in nonperturbative 
quantum field theory and turbulence modeling. A closure problem of truncation of the infinite 
equations set is discussed. 
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I. INTRODUCTION 

Unfortunately up to now the quantization of strongly interacting fields and the turbulence theory remain unsolved 
problems. For example, the problem of quantum chromodynamics and gravity is that Feynman diagram technique 
can not be applied for quantizing of SU(3) non-Abelian field and gravity. Physically it means that weakly interacting 
quantum particles interact with each other at the vertices but it is not the case for strongly interacting fields. It do 
not allows us to use Feynman diagram technique which works with quantum particles interacting at the vertices. The 
problem with the turbulence is that we have not yet proven that in three dimensions solutions always exist, or that 
they do not contain any singularity (so called the Navier - Stokes existence and smoothness problems). 

Probably at the first time the nonperturbative quantization was applied by Heisenberg to quantize a nonlinear spinor 
field jH . The procedure of nonperturbative quantization procedure is much more complicated then the procedure of 
perturbative quantization. Parallels can be drawn with the classical physics: linear equations (for example, Maxwell 
equations) are fundamentally simpler then nonlinear equations (Yang - Mills, Einstein equations). In the first case 
the general solutions of the corresponding equations arc known whereas in the second case only some special solutions 
had been found (for example, non-Abelian monopoles, instantons and so on). 

Here we would like to show that between nonperturbative quantization technique and turbulence modeling there is 
the analogy. 

II. INITIAL EQUATIONS FOR NONPERTURBATIVE QUANTUM FIELD THEORY AND 

TURBULENT: COMPARISON 

Below we will see that nonperturbative quantization technique for quantum field theory (which is based either on 
an operator equation (that probably can not be solved) or on an infinite equations set for all Green functions) and 
modeling a turbulent flow with cumulants have much in common. It is well known that infinite equations set is used 
in turbulence theory for all cumulants (for the details one can see textbook Q). 

A. Equations 

In this section we present initial equations for nonperturbative quantum field theory (on the example of quantum 
chromodynamics) and for a fiow of a turbulent fluid. For the reader convenience we split the text on two columns: 
on the left side the reader see everything concerning nonperturbative quantization and on the right side - turbulence. 



Quantum chromodynamics Turbulence 

In principle, the time-dependent, three-dimensional 
Navier-Stokes equation contains all of the physics of a 
given turbulent flow (on the right column we will follow 
to textbook 0) 

j^y. . ^\ ^ (3) 
\ dt dxj J dxi dxj 

where Vi is the flow velocity, p is the fluid density, p 
is the pressure, Uj — 2fiSij is the viscous stress tensor, 

~ ^ i ff^ §^ ) ' ^'^'^ molecular viscosity. 



The classical SU(N) (A^ 1, 2, • • ■ , iV) Yang-Mills equa- 
tions are 

g^pB,,^ = (1) 

where F^^ = d^A^ - d^A^ + gf^^^A'^A^ is the field 
strength; B,C,D = 1,...,N are the SU(N) color in- 
dices; g is the coupling constant; f^'~^^ are the structure 
constants for the SU(N) gauge group. In quantizing the 
system given in equation ([T} - via Hcisenberg's method 
[l| one first replaces the classical fields by field operators 
A^ A^. This yields the following differential equa- 
tions for the operators 

g^pB^^ = 0. (2) 



Equation ([2|) can be considered as principal equation 
for the quantization of strongly interacting SU(3) gauge 
fields. 



3 



The principal equations here are ([2]) and ([3]) that after averaging gives rise to an infinite equations set either for all 
Green's functions (for quantum field theory) or for all cumulants (for turbulence theory). 

B. How one can do the calculations 

In this section we would like to show that the calculations in nonperturbative quantum field theory and in turbulence 
theory are similar and have similar mathematical problems. We use (• • • ) for quantum averaging and (■•■) for 
statistical one. 
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Quantum chromodynmics 



Turbulence 



The nonlinear operator equation ^ for the field opera- 
tors of the nonlinear quantum fields can be used to deter- 
mine expectation values for the field operators , where 
(■ • ■ ) = (01 • ' • \Q) ^nd \Q) is some quantum state). One 
can also use these equations to determine the expectation 
values of operators that are built up from the fundamen- 
tal operators A^. The simple gauge field expectation 
values, {Afj_{x)), arc obtained by average Eq. ([2]) over 
some quantum state \Q) 



g) = o. 



(4) 



One problem in using these equations to obtain ex- 
pectation values like (A^), is that these equations in- 
volve not only powers or derivatives of (A^) {i.e. terms 
like da{A^) or dadij{A^)) but also contain terms like 
Q^^ = {A^A^). Starting with Eq. ^ one can generate 

an operator differential equation for the product A^A'^ 
thus allowing the determination of the Green's function 

gBC 



A^{x)dy,F^^''{y) Q 



0. 



(5) 



However this equation will in turn contain other, higher 
order Green's functions (fT2|) . Repeating these steps leads 
to an infinite set of equations connecting Green's func- 
tions of ever increasing order. In fact these equations 
are the Dyson-Schwinger equatons but ordinary the des- 
ignation "Dyson-Schwinger equatons " is reserved for the 
application in perturbative quantum field theory. Finally 
we will have following equations set 



Because turbulence consists of random fluctuations of 
the various flow properties, a statistical approach for 
turbulence modeling is used. For a complete statistical 
description of the hydrodynamic fields of a turbulent 
flow it is required to have all the multidimensional joint 
probability distribution for the values of these charac- 
teristics in space-time. But the deflnition of multivari- 
ate distributions is a very complex problem, in addition, 
these distributions are themselves often inconvenient for 
applications due to its awkwardness. Therefore, in prac- 
tice one can form the time average of the continuity 
and Navier-Stokes equations. The nonlincarity of the 
Navier-Stokes equation leads to the appearance of mo- 
mentum fluxes that act as apparent stresses throughout 
the flow. After that it is necessary to derive equations 
for these stresses and the resulting equations include 
additional unknown quantities. This illustrates the is- 
sue of closure, i.e., establishing a sufficient number of 
equations for all of the unknowns cumulants (moments) . 

Reynolds Averaging 

One can introduce the instantaneous velocity, Vi {x, t) , 
as the sum of a mean, Vi{x,t), and a fluctuating part, 
v[{x, t), so that 



Q 



A^(a;i)Eq. © 



Q 



Q 



Q l^(xi)A^(a;2)Eq. @ Q 



A^(xi)---A^(a;„)Eq. @ 



0, 
0, 

0, 



(6) 
(7) 



V^{x,t) = V^{x,t)+vl{x,t). (9) 

The Reynolds averaged equations of motion is 
dVi dVi dp d / ^ — 1—7\ 

Equation ([TO)) is usually referred to as the Reynolds- 
averaged Navier-Stokes equation. The quantity pvjv'^ is 
known as the Reynolds-stress tensor and denoted as 



We consider these equations in nonperturbative quantum 
fleld theory. This construction, leading to an infinite set 
of coupled, differential equations, docs not have an exact, 
analytical solution and so must be handled using some 
approximation. 



(11) 



(8) Immediately we see that we have additionally six un- 
known quantities as a result of Reynolds averaging. 
It is necessary to note that we have gained no additional 
equations. For general three-dimensional flows, we have 
four unknown mean-flow properties: pressure p and the 
three velocity components Vi. 
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One possible way to solve approximately equations ((6)) 
([5]) is following. We decompose n~th Green function 



Along with the six Reynolds-stress components, we 
thus have ten unknown quantities. Our equations are 
mass conservation and the three components of equa- 
„) = (A^; (xi) • • • <„"(x„)) (12) tion m- This means that our mathematical descrip- 
tion of turbulent flow is not yet closed. To close the 
system, we must find enough equations to solve for our 
unknowns. 

To obtain additional equations, we can take moments 
of the Navier-Stokes equation. That is, we multiply 
^j^g-j the Navier-Stokes equation by a fluctuating property 
and average the product. Using this procedure, we 
can derive, for example, a differential equation for the 
Reynolds-stress tensor. 

One can obtain following equation for the Reynolds 
stress tensor 



on the linear combination of the Green functions prod- 
ucts of lower orders 



Gn-2{X3,X4 ■■■ ,Xn) [G2ixi,X2) - C2] + 

(permutations of xi, X2 with x^, - ■ ■ , Xn) + 
Gn-3 {G3 — C3) + • • ■ 



where 6*2,3... ^re constants. In such a way one can cut 
off the infinite equation set ©-([SI). 
Another way to solve approximately the infinite equation 
set (ini)-® is choose some functional (for instance, the ac- 
tion or something like to gluon condensates in quantum 
chromodynamics and write down its average expres- 
sion using corresponding Green functions. After that 
it is necessary to use some well-reasoned physical as- 
sumptions to express the highest order Green function 
through Green function of lower order, see the decompo- 
sition ([T3|. Finally we will have a functional which can 
be used to obtain Euler - Lagrange field equations for 
Green functions. 



dt dxk 



'Tik 



dxk 



m 

dxk 



,dp' , dp' 



dxk dxh 



'dxi 



' 9a;,; 



(14) 



d 
dxk 



dTij 
I — ^ 

dxk 



PKPVjPVk 



We have obtained six new equations, one for each inde- 
pendent component of the Reynolds-stress tensor t^-. 
However, we have also generated 22 new unknowns 

It illustrates the closure problem of turbulence. Be- 
cause of the nonlinearity of the Navier-Stokes equation, 
as we take higher and higher moments, we generate ad- 
ditional unknowns at each level. The function of turbu- 
lence modeling is to devise approximations for the un- 
known correlations in terms of flow properties that are 
known so that a sufficient number of equations exists. 
In making such approximations, we close the system. 
There exist a few approaches to close this infinite equa- 
tions set. One of them are: algebraic (zero-equation) 
models, one-equation models, two-equation models and 
second-order closure models. 



Comparing left and right columns we see that the procedure of obtaining corresponding infinite equations set for 
both cases is practically the same with the difference concerning physical quantities: quantum fields for the left side 
and velocities, pressure and so on for the right side. 



III. INTERWEAVING OF PLANCK CONSTANT, REYNOLDS NUMBER AND COUPLING 

CONSTANT 

Above we have seen that the procedures of nonperturbative quantization and turbulence modeling have common 
properties. In this section we will show that there exists an interweaving of Planck constant, Reynolds number and 
coupling constant (here we follow to Ref. 0). 

In Ref. 0] it is found interesting relation between coupling constant in quantum field theory and Reynolds number 
in hydrodynamics. 
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In quantum field theory there are perturbative regime 
when a dimensionless coupling constant 



As we know the character of fluid flow depends on 
Reynolds number Re 



he 



(15) 



is small enough < 1 and nonperturbative regime when 
> 1 (here g is a dimension coupling constant, h is 
Planck constant and c is the speed of light). In quantum 
field theory the open question is a nonperturbative quan- 
tization for > 1. For example, the fine-structure con- 
stant in quantum electrodynamics is = /hc~ 1/137 
(e is the electron charge), « 0.1 for a weak interaction 
and > 1 for a strong interaction. 



Re = 



pvl 



(16) 



where I is a characteristic length for a given flow. If 
Re < Rccr then the flow is laminar one, if Re > Recr 
then the flow is turbulent one. 



If we rewrite equation (jl6p as 



Re = ^ (17) 

then we have following dimensional equalities: [pw^Z'^] — [l/ff^] — g ■ err? j ^ [ft] — [/i''^] — g ■ crv? j s. It allow us to 
offer following relations 

\lf O pv'f, (18) 
ft o \xl^. (19) 

That allows us to do following analogies: 

• O Re. 

• ft = /.t = 0. In this case a classical theory corresponds to an ideal fluid. 

• ft 7^ and < 1 ^ 7^ and Re < RCcr- In this case a laminar fluid corresponds to a perturbative regime of 
quantum field theory. 

• ft and > 1 /i 7^ and Re > Rccr- In this case a turbulent fluid corresponds to a nonperturbative 
regime of quantum field theory. 



IV. DISCUSSION 



Thus we have shown that the main similarity between nonperturbative quantization technique and turbulence 
modeling is an infinite equations set (either (jS]) - (HI) for the first case or for the second case.) The main 

problem in solving these equations set is a closure problem: cutting off of the infinite equations set. For such truncation 
it is necessary to bring into account some physical assumptions. For example, two scalar field approximation for 
quantum chromo dynamics [1| or algebraic (zero-equation) models, one-equation models, two-equation models and 
second-order closure models for turbulence modeling. 

One principal difference between nonperturbative quantization and turbulence is that equations set ([B]) - (|H1) is 
equivalent to one operator equation but it is not true for the turbulence. 

It is necessary to note that this truncation may lead to physically incorrect results (negative values of positive 
definite quantities: probability density, dispersions, energy dissipation and so on). The latter is due to the fact that 
if we specify a finite number of cumulants (moments) then the probability distribution may not exist. It is closely 
related to the inadmissibility of arbitrary truncation of the Taylor series of the characteristic function. 

One can also note that in some cases quantum chromodynamics behaves like a normal or ideal fluid @ . 
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